Based on the multivariate joint probability distribution of the discharge and water quality indicators, this paper analysed the occurrence probabilities and improvement probabilities of combinations of water quality indicators under different discharge conditions and then presented a method for calculating the optimal discharge to seek a balance between the discharge dispatch and water quality improvement. The method was used to construct the relationship curve between the discharge and joint improvement probability used by a copula function and then calculate the critical point on the curve. The proposed method was applied to the Yi River Basin above Gegou Station with data composed of the discharge and main pollution indicators (NH 3 -N and COD Mn ) from 1982 to 2015.
INTRODUCTION
With the acceleration of urbanization in China, the deterioration of the quality of river water has become increasingly serious. One of the main water pollution control technologies used to improve the water quality is a reasonable discharge dispatch system (Jang et al. ; Qian et al. Shokri et al. ) . However, the determination of the optimal discharge and the quantitative relationship between the discharge dispatch and the improvement in the water quality need to be further explored, especially with regard to the joint effects of discharge and water quality indicators.
;
Most of the studies conducted on the relationships between the water quantity and water quality follow two main approaches: mechanism models and non-mechanism models. The former takes into account the relationship of the mutual transformation of pollution factors and the coupling of hydrodynamic modules to simulate and predict concentration changes in pollution factors (Cox ; Wang et al. ; Yu et al. ) . Nevertheless, many interdependent factors affect both the discharge and the water quality; consequently, the calibration of the parameters and the construction of a model are relatively complex.
In contrast, non-mechanism models avoid the abovementioned problems to some extent (Sun et al. ; Phan ) . However, most non-mechanism models require that the variables obey the same marginal distribution or be transformed to the same distribution; this not only leads to the loss of information regarding the original data but also does not conform to the fact that variables such as the discharge and water quality obey different marginal distributions. Thus, most of the previous studies have some limitations on the occurrence probability of water quality combination events (Faruk ; Zhu et al. ) . A copula can connect different univariate marginal distributions without changing the dependencies of variables (Zegpi & Fernandez ; Dai et al. ) , i.e. it can construct the joint probability distribution of any univariate marginal distribution while retaining the information included in the initial data during the transformation process. Due to these advantages, copulas are widely used in multivariate hydrological analyses and calculations (Rauf & Zeephongsekul ) . Therefore, this paper presents novel research insomuch that the copula function is not only used to establish the multi-dimensional joint probability distribution of the water quantity and water quality but is also combined with the marginal probability distribution function to deduce the relationship curve between the discharge and the joint probability. Furthermore, the critical point of the improvement in the water quality is analysed from a statistical perspective, thereby extending the application scope of the copula function. The objective of this research is to construct a multivariate joint probability distribution of the discharge and multiple water quality indicators based on copula functions and then to use the joint probability distribution to construct a relationship curve between the discharge and joint improvement probability to analyse the comprehensive improvement of the river water environment under different discharge conditions. Moreover, the optimal discharge is suggested to seek a balance between the discharge dispatch and water quality improvement, providing a more scientific and reasonable basis for river water quality management.
METHODS

Multivariate joint probability distribution
The theory of the copula was proposed by Sklar (), who stated that any d-dimensional joint cumulative distributions defined in R can be connected by using a copula function.
The Archimedean copula, which is commonly used in hydrology (Schumann ) , can be generally defined as follows:
where φ( ∼ ) is the generation function, φ À1 is the inverse function of φ, and u d is the marginal distribution of a ddimensional random variable. 
Calculation of the optimal discharge
Construction of the relationship curve between the discharge and joint probability
To improve the river water quality gradually, the corre- 
Combined with the parameter θ of the selected copula function, the probability C 0 ij can be obtained. Then, the relationship curve 1. Relationship between u qi and C 0 ij . The Frank copula, which is taken as an example here for the sake of explanation, is expressed as: 
Following the simplification of the copula:
where C 0 ij is the occurrence probability of the jth grade under
is the marginal probability of the mth indicator at the jth grade, and θ is the parameter of the copula function.
Equation (4) Table 1 can be deduced to be linear relationships.
2. Relationship between Q i and u qi . According to the most commonly used hydrological distribution function in China (Luo & Song ) , the probability density function (PDF) of Q i can generally be selected from the lognormal distribution, gamma distribution or P-III distribution. Furthermore, u qi is a cumulative distribution function (CDF) of Q i . Three types of CDFs are shown in Table 2 .
Taking the lognormal distribution as an example, the monotonicity of the integrand is analysed first. It can be proven that t À1 and e (À( ln tÀμ) 2 )=2σ 2 are monotonically increasing functions when t ! 0 and that their values are all greater than 0, and thus, the integrand f(t) obtained by multiplying these two formulas is also an increasing function. The
which u qi can be proven to be a convex function. Similarly, the relationship between Q i and u qi is also a convex function when Q i is subjected to a gamma or P-III distribution.
In summary, the relationship curve of Q ∼ C 0 j is a monotonically increasing convex function. Therefore, there exists a point where the change in the growth rate along the curve is a maximum, i.e. a critical point. When the discharge exceeds this critical point, the combined effect of multiple water quality indicators will not obviously improve with an increase in the discharge. Therefore, the discharge corresponding to the critical point can be regarded as the balance point between an improvement in the water quality and the discharge dispatch; this critical discharge is defined as the optimal discharge for the joint improvement of multiple water quality indicators.
The relationship curve of Q ∼ C 0 j can be fitted by MATLAB, and the critical point can be calculated by a curvature method, slope method or another approach (Gippel & Stewardson ) . The formulas of the curvature method and slope method are given in Equations (5) and (6), respectively:
where ρ is the curvature of the curve, and k is the slope of the curve.
STUDY AREA
The Yi River is one of the most important rivers in Shan- Table 3 .
The results the of K-S and RMSE tests are given in Table 4 , which shows that the lognormal distribution is the most appropriate for the Q, NH 3 -N and COD Mn indicators at Gegou Station on the Yi River.
2. Establishment of the joint probability distribution. Combined with the sample empirical frequency, the K-S and RMSE results are calculated, as shown in Table 5 
Analysis of the joint probability distribution of the discharge and water quality
With the established multivariate joint probability distribution of Q, NH 3 -N and COD Mn , their corresponding contour plots and contour surfaces are shown in Figures 5 and 6, respectively; note that the coordinate axes of Figure 6 use a logarithmic coordinate. Moreover, some typical joint probabilities of Q, NH 3 -N and COD Mn are given in Table 5 . Figure 5 shows the contour plots of the sets (Q, NH 3 -N) and (Q, COD Mn ). When the value of the bivariate joint probability distribution is between 0.1 and 0.4, the contour plot is more intensive than that between 0.6 and 0.9. This reflects that the degrees of change in the joint probabilities for both NH 3 -N and COD Mn present a decrease with an increase in the discharge.
Furthermore, as seen from Figure 6 , when the value of the trivariate joint probability distribution is between 0.1 and 0.2 or 
The numbers in bold denote the minimum RMSE, and the K-S value is 0.10995 at a 5% significance level in this study.
between 0.7 and 0.9, the contour surface has a larger spacing, and Q, NH 3 -N, COD Mn each change more than that spacing value between 0.3 and 0.6, indicating that a trivariate joint probability from 30 to 60% is the most sensitive to the discharge. Combining Tables 6-8, the degree of increase in the probability does not always increase as the discharge increases. Analysis of the improvement probability and the optimal discharge
According to the bivariate and trivariate joint probability Q ∼ C 0 j curves, the typical improvement probability values and the corresponding discharges of each individual water quality indicator and of the multiple water quality indicators are given in Tables 9-11. Taking the Q ∼ C 0 j function (Equation (9)) with the curvature method and slope method (Equations (5) and (6), respectively), the optimal discharge can be obtained. Accordingly, the optimal discharges under the conditions in which the set (NH 3 -N, COD Mn ) is improved to grades of (III, III), (IV, IV), (V, V), (III, IV), (III, V), (IV, V) and (IV, III) are separately shown in Table 12 . Tables 11 and 12 give the joint improvement probabilities of the water quality and its corresponding discharge under various recovery scenarios of the water quality, providing a variety of choices for managers to make water dispatch schemes. Those managers can therefore choose an appropriate discharge according to the storage capacity of a reservoir and the pollution of a river. 
Discussion
Bivariate and trivariate joint probability distributions have been constructed based on copula functions, and the typical joint probability values of Q, NH 3 -N and COD Mn have been
given. Under the condition of NH 3 -N listed in Table 6 , the occurrence probability is 0.6152 when Q is less than 40 m 3 /s and NH 3 -N is less than 1.0 mg/L. Under the condition of COD Mn in Table 7 , the occurrence probability is 0.6947 when Q is less than 40 m 3 /s and COD Mn is less than 6.0 mg/L. In contrast, under the conditions of NH 3 -N and COD Mn in Table 8 , the occurrence probability is 0.4965 when Q is less than 40 m 3 /s, NH 3 -N is less than 1.0 mg/L and COD Mn is less than 6.0 mg/L. These results
show that the trivariate joint probability of the set (Q, NH 3 -N, COD Mn ) is evidently less than the bivariate joint probability of the sets (Q, NH 3 -N) and (Q, COD Mn ). Therefore, if only the bivariate joint probability distributions are considered, it is difficult to reflect the correct statistical characteristics of the discharge and water quality. On the contrary, the trivariate joint probability distribution comprehensively considers Q, NH 3 -N and COD Mn and can more reasonably illustrate the joint probabilities of different combinations of the discharge and water quality quantitatively.
Based on the results of the improvement probabilities of Q, NH 3 -N and COD Mn in Tables 9-11 , respectively, additional discharge is evidently needed when the improvement probability is increased at a rate of 5%. Moreover, the calculation of an individual indicator can obtain only the improvement probability of that indicator while ignoring the improvement probability of other indicators; consequently, this approach cannot reflect the characteristics of the overall improvement of the main pollutants in a given water environment. Table 12 show that the trivariate improvement probability is smaller than the bivariate probability despite the fact that the optimal discharge for improving multiple water quality indicators is less than that of a single indicator. The main reason is that there are certain synergistic and antagonistic effects among the pollution factors in the water system; as a result, the joint improvement of multiple water quality indicators is more difficult to achieve than the improvement of a single indicator. In general, multiple pollution factors coexist within a river, and thus, the joint improvement of multiple water quality indicators can reflect the relationships between the discharge and multiple indicators more reasonably.
Meanwhile, Table 12 illustrates that the optimal discharge calculated by the curvature method is higher than that calculated by the slope method. Therefore, the value calculated by the curvature method is adopted for the sake of safety.
CONCLUSIONS
In this study, the trivariate joint probability distribution of Q, NH 3 -N and COD Mn is established to indicate the occurrence probability of water quality indicators under different discharge conditions. Then, based on the trivariate joint probability distribution, a method for calculating the optimal discharge for the joint improvement of water quality indicators is proposed. The main conclusions are as follows:
1. Because the trivariate joint probability distribution of the set (Q, NH 3 -N, COD Mn ) can better reflect the improvement of the water quality with multiple coexisting pollutants, this approach is more effective and comprehensive than the bivariate joint probability distribution of the sets (Q, NH 3 -N) and (Q, COD Mn ) in estimating the combinations of water quality indicators under different discharge conditions.
2. Based on the trivariate joint probability distribution, the existence of a critical point along the Q ∼ C 0 j curve is proven. Then, the joint improvement probability and the optimal discharges of multiple water quality indicators under different discharge conditions are calculated.
3. The methods that can be employed to fit the relationship curve of Q ∼ C 0 j and identify the critical point on the curve are flexible and varied. Therefore, the selection of the proper method needs to be based on the specific situation of the river. Meanwhile, due to the limited availability of data, only a few water quality indicators are selected (i.e. only NH 3 -N and COD Mn ). Therefore, in the future, the monitoring and accumulation of water quality indicator data should be strengthened to better reveal the relationships between the discharge and multiple water quality indicators.
